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On the boundary value problem for the loaded parabolic
equations with irregular coefficients

In the paper we consider the generalized solvability of boundary value problem for the loaded parabolic
equations with irregular coefficients. Theorem on unique solvability of the boundary value problem is
proved. The correctness of the theorem and the accuracy of selected functional spaces are established by
obtained a priori estimates. The proof of the theorem is carried out using the theory of Sobolev spaces, the
method of a priori estimates, and the Galerkin method. Along with the initial boundary value problem,
the corresponding adjoint boundary value problem is investigated. To prove the solvability of the adjoint
problem, we define a linear continuous form and use the duality relations.
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Introduction

It is well-known that one of the central issues in the theory of boundary value problems for partial differential
equations is the question on the correct choice of functional spaces. Boundary value problems for the loaded
equations were studied systematically in [1, 2]. The questions of existence and uniqueness of solutions of the
loaded equations in the class of continuous functions were considered in [1, 2]. In present work we develop these
studies.

1 Statement of the of the boundary value problem

Suppose Ω ∈ Rn is bounded domain with boundary Γ, Q = Ω× (0, T ), Σ = ×(0, T ), Γ is positioned locally
on one side of the domain Ω. We consider the following boundary value problem

D1
t u =

n∑
i,j=1

D1
xi(aijD

1
xju)+

+

p∑
i=1

νi(t)

∫
Γi

ei(x, ξ, t)u(ξ, t)dξ + f = 0 on Q; (1)

u(x, t) = 0 on Σ; (2)

u(x, 0) = u0 on Ω, (3)

where ei ∈ L∞(0, T ;L4(Ω×Γi)); νi(t) ∈ L2(0, T ), i = 1, . . . , p, Γi; are (n− 1) — dimensional manifolds from Ω,
n ≤ 3 (for n = 1,Γi are fixed points from Ω); Γi, i = 1, . . . , n together with Γ from C2; aij ∈ L∞(0, T ;C1(Ω)),
aij = aji, i, j = 1, . . . , p for almost every {x, t} ∈ Q :

β2

n∑
i=1

ζ2
i ≥

n∑
i,j=1

aijζiζj ≥ β1

n∑
i=1

ζ2
i , (4)

β1, β2 = const > 0,∀ζ ∈ Rn, f ∈ L2(Q), u0 ∈ H1
0 (Ω).
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2 The theorem of existence and uniqueness of the solution

For the boundary value problem (1)–(3) we obtain a priori estimates to ensure the correctness and accuracy
of the selected function spaces.

Theorem 1. Let conditions (4) hold. Then the problem (1)–(3) has a unique solution u ∈ Y (0, T )
for all f ∈ L2(Q) and u0 ∈ H1

0 (Ω). Moreover, this solution continuously depends on the initial data, i.e.
the map {f, u0} → u of a direct product of the spaces L2(Q)×H1

0 (Ω) into the space Y (0, T ) is continuous,
where

Y (0, T ) =

{
u/u ∈ L2(0, T ;H2(Ω) ∩H1

0 (Ω)),
∂u

∂t
∈ L2(Q)

}
.

Proof. Now we take the inner product of equation (1) with ∆u

(
∂u

∂t
,∆u

)
=

 n∑
i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
,∆u

+

+

(
p∑
i=1

νi(t)

∫
Γi

ei(x, ξ, t)u(ξ, t)dξ,∆u

)
+ (f,∆u) , (5)

where (ϕ,ψ) =
∫
Ω

ϕψ dx, ‖ϕ‖ = [(ϕ,ϕ)]
1
2 , ∆ is Laplace operator.

Further, we use the following inequality [3] n∑
i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
,∆u

 ≥ 3β1

4
‖uxx‖2 − C1 ‖ux‖2 , (6)

for a.e. t ∈ [0, T ] and ∀u ∈ Y (0, T ), |uxx| =

(
n∑

i,j=1

uxiuxj

) 1
2

, C1 > 0.

By inequality (6), equality (5) implies that

1

2

d

dt
‖u(t)‖2H1

0 (Ω) +
3β1

4
‖uxx‖2 − C1 ‖ux‖2 ≤

≤
p∑
i=1

∣∣∣∣∣∣
νi(t)∫

Γi

ei(x, ξ, t)u(ξ, t)dξ, ∆u(t)

∣∣∣∣∣∣+ | (f ,∆u) | . (7)

Applying the Hölder inequality [3], we estimate the first term of the right hand side of (7).

p∑
i=1

∣∣∣∣∣∣
νi(t)∫

Γi

ei(x, ξ, t)u(ξ, t)dξ ,∆u

∣∣∣∣∣∣ ≤
≤

p∑
i=1

|νi(t)| ‖ei(t)‖L4(Ω×Γi)
4
√
measΩ

√
measΓiCi ‖u(t)‖H1

0(Ω)
‖∆u‖, (8)

where Ci satisfies the following inequality

‖u(t)‖L4(Γi)
≤ Ci ‖u(t)‖H1

0 (Ω) , (9)

for a.e. t ∈ (0, T ), i = 1, . . . , p [4].
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Then the relation (7) implies

1

2

d

dt
‖u(t)‖2H1

0 (Ω) +
3β1

4
‖uxx‖2 − C1 ‖ux‖2 ≤

≤ C(t) ‖u‖H1
0 (Ω) ‖∆u‖+ | (f ,∆u) | ,

where C(t) =
p∑
i=1

|νi(t)| ‖ei(t)‖L4(Ω×Γi)
Ci

4
√
measΩ

√
measΓi .

Further, by using the Cauchy inequality with ε [3], we have

1

2

d

dt
‖u(t)‖2H1

0 (Ω) +
3β1

4
‖uxx(t)‖2 − C1 ‖ux(t)‖2 ≤

≤ C2(t)

2ε1
‖u(t)‖2H1

0 (Ω) +
ε1

2
C2 ‖uxx(t)‖2 +

1

2ε2
‖f(t)‖2 +

ε2C2

2
‖uxx(t)‖2 ,

where C2 is a constant in ‖∆u(t)‖ ≤
√
C2 ‖uxx(t)‖. By choosing ε1, ε2 from conditions ε1C2 + ε2C2 ≤ β 1

4 , we
have

1

2

d

dt
‖u(t)‖2H1

0 (Ω) +
β 1

2
‖uxx(t)‖2 ≤

≤ K1(t) ‖u(t)‖2H1
0 (Ω) +

1

2ε2
‖f(t)‖2 , (10)

where K1(t) = C1 + C2(t)
2ε1

. Inequality (10) implies

d

dt
‖u(t)‖2H1

0 (Ω) ≤ K(t) ‖u(t)‖2H1
0 (Ω) +

1

ε2
‖f(t)‖2 , (11)

where K(t) = 2C1 + C2(t)
ε1

.

Further, we use the Gronwall lemma [3]. Multiplying both sides of inequality (11) by e
−

t∫
0

K(τ)dτ
, we transfer

the first term on the right hand side to the left hand side. So we obtain

d

dt

‖u(t)‖2H1
0 (Ω) e

−
t∫
0

K(τ)dτ

 ≤ 1

ε2
‖f(t)‖2 e

−
t∫
0

K(τ)dτ
.

By integrating from 0 to t and by exploiting the fact that u(x, 0) = u0, we have

‖u(t)‖2H1
0 (Ω) ≤ ‖u0‖2H1

0 (Ω) e

t∫
0

K(τ)dτ
+

1

ε2

t∫
0

e

t∫
θ

K(τ)dτ

‖f(θ)‖2 dθ.

Hence, it follows that

‖u‖2L∞(0,T ;H1
0 (Ω)) ≤ const

‖u0‖2H1
0 (Ω) +

T∫
0

‖f(t)‖2 dt

. (12)

Substituting inequality (12) into the right hand side of inequality (10) by a standard way, we have

‖u‖L2(0,T ;H2(Ω)
⋂
H1

0 (Ω))
⋂
L∞(0,T ;H1

0 (Ω)) ≤

≤ const

‖u0‖H1
0 (Ω) +

T∫
0

‖f(t)‖ dt

. (13)

By inequalities (12) and (13), and equation (1) and by

νi(t)

∫
Γi

ei(x, ξ, t)u(ξ, t)dξ ∈ L2(Q),
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we obtain the following estimate

‖u‖L2(0,T ;H2(Ω)
⋂
H1

0 (Ω)) ≤ K

‖u0‖H1
0 (Ω) +

T∫
0

‖f(t)‖ dt

. (14)

For the further study we apply the Galerkin method. Let w1, w2, . . . , wN , . . ., be a basis of the
space H2(Ω) ∩H1

0 (Ω), i.e. the elements w1, w2, . . . , wN are linear independent for all N ∈ N; the set of linear
combinations

∑
ξjwj is dense in H2(Ω) ∩H1

0 (Ω) (ξi are constants).
We define the approximate solution of the problem (1)–(3) in the following form

uN (x, t) =

N∑
i=1

giN (t)wi(x), (15)

where the functions giN (t), i = 1, . . . , N are chosen such that the following relations hold(
∂uN
∂t

, wj

)
+

n∑
i,j=1

(
aij

∂uN
∂xi

,
∂wj
∂xj

)
+

+

p∑
i=1

ν i(t)∫
Γi

eiuNdξ, wj

 = (f, wj) , 1 ≤ i ≤ N, (16)

uN (x, 0) = u0N (x) =
n∑
i=1

ηiNwi, where {ηiN} such that

n∑
i=1

ηiNwi → u0 in H1
0 (Ω) when N →∞. (17)

The relations (16), (17) are the Cauchy problem for systems of linear differential equations for the functions
giN (t).

WN
dgN
dt

+AN (t)gN = fN , gN (0) = {ηiN},

where

WN = ‖(wi, wj)‖ , AN (t) =

∥∥∥∥∥∥
n∑

i,j=1

(
aij

∂wi
∂xi

,
∂wj
∂xj

)
+

+

p∑
i=1

ν i(t)∫
Γi

ei(x, ξ, t)wi(ξ)dξ, wj

∥∥∥∥∥∥ ;

gN (t) = {giN (t)} , fN = {(f, wj)}.

Since WN is Gramian matrix, and consequently detWN 6= 0, for the finite number ∀N , then the problem
(16), (17) has an unique absolutely continuous solution.

We show, that if N →∞, then uN → u, and u is the solution of the problem (1)–(3). Due to the fact that
for the approximate solution uN (x, t) of the equation (15) for each N has a priori estimate of the form (14),
then from the bounded sequence {uN (x, t)}∞N=1 one can take out a subsequence {uµ(x, t)}∞µ=1 such that

uµ → z weakly in H2,1(Q). (18)

By theorem on traces and by lemma on linear continuous mapping of weakly convergent sequences [4], we
have

uµ → z weakly in H
3
2 ,

3
4 (Γi(t)× (0, T )). (19)

The relation (19) implies that
uµ → z stronger in L2(Γi(t)× (0, T )). (20)
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Let now j be arbitrary fixed number and µ > j. Since the relation (15) holds for N = µ, then multiplying
it by function ϕ(t) ∈ Φ =

{
ϕ/ϕ ∈ C1[0, T ], ϕ(T ) = 0

}
and integrating from 0 to T, we obtain

T∫
0

[(
∂uN
∂t

, ϕwj

)
+

n∑
i,j=1

(
aij

∂uN
∂xj

, ϕ
∂wj
∂xi

)
+

+

p∑
i=1

(
νi(t)

∫
Γi

eiuNdξ, ϕwj

)
− (f, ϕwj)

]
dt = 0. (21)

Then integrating by part, we have

T∫
0

−(uN , ∂ϕwj
∂ t

)
+

n∑
i,j=1

(
aij

∂uN
∂xj

, ϕ
∂wj
∂xi

)
+

+

p∑
i=1

(
ν i(t)

∫
Γi

eiuNdξ, ϕwj

)
− (f, ϕwj)

]
dt =

= −(uN (x, 0), ϕ(0)wj(x)), ∀ i, j.
We take as ϕ ∈ D((0, T )) ⊂ Φ the function that is infinitely differentiable and finite function. Then, by

taking the limit as µ→∞ (that is possible by relations (18), (20) we obtain

T∫
0

−(z, ∂ϕwj
∂t

)
+

n∑
i,j=1

(
aij

∂z

∂xi
, ϕ
∂wj
∂xj

)
+

+

p∑
i=1

(
νi(t)

∫
Γi

eizdξ, ϕwi

)
− (f, ϕwj)

]
dt = 0, ∀j, ϕ ∈ D((0, T )) (22)

and
T∫

0

[
− (z, wj) ϕ

′ +

n∑
i,j=1

(
aij

∂z

∂xj
,
∂wj
∂xi

)
ϕ+

+

p∑
i=1

(
ν i(t)

∫
Γi

eizdξ, wj

)
ϕ− (f, wj) ϕ

]
dt = 0.

By definition of the Schwarzian derivative we have

T∫
0

∂

∂z

[
(z, wj) +

n∑
i,j=1

(
aij

∂z

∂xj
,
∂wj
∂xi

)
+

+

p∑
i=1

(
ν i(t)

∫
Γi

eizdξ, wj

)
− (f, wj)

]
ϕ(t)dt = 0, ∀j, ϕ ∈ D((0, T )),

where ∂
∂t (z, wj) ∈ D

′((0, T )).
It is well known that (F,ϕ) = 0 for all ϕ ∈ D((0, T ))⇔ F = 0 ∈ D′((0, T )), consequently,(

∂z

∂ t
, wj

)
+

n∑
i,j=1

(
aij

∂ z

∂xj
,
∂wj
∂xi

)
+ (23)

+

p∑
i=1

(
νi(t)

∫
Γi

eiz(ξ, t)dξ, wj

)
= (f, wj).

24 Вестник Карагандинского университета



On the boundary value problem for the loaded parabolic equations...

Further, since j is arbitrary, and the set of linear combinations of elements w1, w2, . . . , wN , . . . is dense in
H2(Ω) ∩H1

0 (Ω). Then the relation (23) implies that

∂ z

∂ t
+

n∑
i,j=1

∂

∂xi

(
aij

∂ z

∂xj

)
+

p∑
i=1

νi(t)

∫
Γi

eiz(ξ, t)dξ = f. (24)

Hence ∂z
∂t ∈ L

2(Q), thus z ∈ Y (0, T ).
For final derivation one can examine as z satisfies the initial conditions. We take ϕ ∈ Φ such, that it is not

necessary to be the finite function. Then as N →∞ we have

T∫
0

−(z, ∂ϕwj
∂t

)
+

n∑
i,j=1

(
aij

∂ z

∂xj
, ϕ
∂wj
∂xi

)
+

+

p∑
i=1

(
ν i(t)

∫
Γi

eiz(ξ, t)dξ, ϕwj

)
− (f, ϕwj)

]
dt =

= −(u0(x), ϕ(0)wj(x)), ∀j and for ϕ ∈ Φ. (25)

Integrating by part the relation (25), we have

T∫
0

[(
∂ z

∂ t
+

n∑
i,j=1

∂

∂xi

(
aij

∂ z

∂xj

)
+

+

p∑
i=1

νi(t)

∫
Γi

eiz(ξ, t)dξ, ωj − f

)
ϕ(t)

]
=

= −(u0(x), wj)ϕ(0)− (z (x, 0), wj)ϕ(0).

By (24), we have −(u0(x), wj) − (z(x, 0), wj) = 0, ∀ j. Consequently, namely u0(x) = z(x, 0) is the solution of
the boundary value problem (1)–(3). The proof of theorem 1 is complete.

3 The adjoint problem

Let
r ∈ Y ′0 , Y0 = {u/u ∈ Y (0, T ), u(x, 0) = 0} , p1 ∈ H−1(Ω). (26)

We consider the problem that is adjoint of the problem (1)–(3)

D1
t p+

n∑
i,j=1

D1
xj

(
aijD

1
xip
)

+

+

p∑
i=1

νi(t)δ(x− Γi)

∫
Ω

ei(ξ, x, t)p(ξ, t)dξ = r(x, t) on Q; (27)

p(x, t) = 0 on Σ, (28)

p(x, T ) = p1, (29)

where δ(x−Γi) — is the Dirac function. In order to prove solvability of the problem (27)–(29) we use the schema
2 from [4].

Under the condition of theorem 1 and by νi(t) ∈ L2(0, T ) the following operator

u→ ∂u

∂ t
−

n∑
i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
−

p∑
i=1

νi(t)

∫
Γi

eiu(ξ, t)dξ
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corresponding to the problem (1)–(3) defines the homomorphism Y (0, T )→ L2(Q) [5]. Consequently, if σ (u) is
linear continuous form above Y (0, T ), then by Riesz theorem [3] there exists an unique element p(ν) ∈ L2(Q),
such that ∀u ∈ Y0 (

p(ν),
∂u

∂t
−

n∑
i,j=1

∂

∂xi

(
aij

∂u

∂xj

)
−

p∑
i=1

νi(t)

∫
Γi

eiu(ξ, t)dξ

)
= σ(u). (30)

We define the following linear continuous form

σ(u) = 〈〈r(x, t), u(x, t〉〉+ 〈p1, u(x, T )〉 , (31)

where 〈〈 . , . 〉〉 and 〈 . , . 〉 are duality relations between spaces Y ′0 and Y0 , H−1(Ω) and H1
0 (Ω), respectively.

Thus we state the following intermediate result.
Theorem 2. The problem (27)–(29) has unique solution p(x, t) ∈ L2(Q), that satisfies the integral identity

(30)–(31) for all {r, p1}, satisfying (26).
Let us give some of possible descriptions of the elements r(x, t) ∈ Y ′0 . We have

r(x, t) = r0(x, t) +
d

dt
(ρ(t), r1(x, t)) ;

r0(x, t) ∈ L2(0, T ; (H2(Ω) ∩H1
0 (Ω))′), r1 ∈ L2(Q),

where ρ(t) is infinitely differentiable function, defined, for example, by the following way (0 < t0 <
1
2 , t0 is

fixed):

ρ(t) =


t, 0 ≤ t ≤ t0;

arbitrary, t0 ≤ t ≤ T − t0;

T − t, T − t0 ≤ t ≤ T.

Indeed, the estimates, that analogous with the estimates (12)–(14), hold for boundary value problem
(27)–(29). And the following more stronger result is true. Let r = 0, we state

Theorem 3. Let condition (4) hold. Then the problem (27)–(29) has unique solution p ∈ Y (0, T ) for all
p1 ∈ H1

0 (Ω). This solution continuously depends on initial data, i.e. the map of the space H1
0 (Ω) into Y (0, T ) is

continuous.
The proof of theorem 3 is similar with the proof of theorem 1.
Brief abstract of this work has been published in the Materials of the workshop «Differential operators and

modeling of complex systems» (April 7-8, 2017, Almaty, Kazakhstan) [6].
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М.Т. Жиеналиев, А.С. Қасымбекова

Регулярлы емес коэффициенттi жүктелген параболалық
теңдеулер үшiн бiр шеттiк есеп жайында

Мақалада регулярлы емес коэффициенттерi бар жүктелген параболалық теңдеулер үшiн шекара-
лық есептiң жалпыланған шешiмдiлiгi қарастырылды. Шекаралық есептердiң бiрегей шешiлетiндiгi
тұралы теорема дәлелдендi. Теореманың дұрыстығы және таңдалған функционалдық кеңiстiктердiң
дәлдiгi алынған априорлы бағалаулармен анықталды. Теореманы дәлелдеу Соболев кеңiстiгiнiң тео-
риясын, априорлы бағалау әдiсiн және Галеркин әдiсiн қолдана отырып жүзеге асырылды. Бастапқы
шекаралық есеппен қатар, сәйкес түйiндес шекаралық есеп зерттелдi. Түйiндес есептiң шешiмдiлiгiн
дәлелдеу үшiн сызықты үзiлiсciз форма анықталды және түйiндестiк қатынастар қолданылды.

Кiлт сөздер: жалпыланған шешiмдiлiк, шекаралық есептер, регулярлы емес коэффициенттер,
априорлы бағалаулар, жалғыз шешiм.

М.Т. Дженалиев, А.С. Касымбекова

Об одной краевой задаче для нагруженных параболических
уравнений с нерегулярными коэффициентами

В статье рассмотрена обобщенная разрешимость краевой задачи для нагруженных параболических
уравнений с нерегулярными коэффициентами. Доказана теорема о единственной разрешимости крае-
вой задачи. Корректность теоремы и точность выбранных функциональных пространств определены
полученными априорными оценками. Доказательство теоремы проводится с использованием теории
пространств Соболева, метода априорных оценок и метода Галеркина. Наряду с исходной краевой
задачей исследуется соответствующая ей сопряженная краевая задача. Для доказательства разре-
шимости сопряженной задачи задается линейная непрерывная форма и используются соотношения
двойственности.

Ключевые слова: обобщенная разрешимость, краевые задачи, нерегулярные коэффициенты, априор-
ные оценки, единственное решение.
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